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Three-Dimensional Hyperbolic Grid Generation with
Inherent Dissipation and Laplacian Smoothing
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Chung Cheng Institute of Technology, Taiwan 33509, Republic of China

Based on upwind differencing of the governing equations, inherent dissipation terms are derived for three-
dimensional hyperbolic grid generation. These terms, taking only a negligible amount of mathematic operations,
can effectively eliminate grid oscillation that is often encountered in hyperbolic grid generation. In addition to
these dissipation terms, a Laplacian-type smoothing is incorporated to increase smoothness. Both implicit and
explicit schemes for three-dimensional hyperbolic grid generation are investigated, and a comparison of these two
schemes is made. Several different geometries are used to demonstrate the robustness of the new methods. Finally,
a wing-body configuration, with severe concave and convex corners, is used to evaluate the versatility of the present

methods.

I. Introduction

OR generating structured grids, one very popular approach is

solving a set of partial differential equations. Three types of
partial differential equations have been incorporated successfully,
namely, elliptic, parabolic, and hyperbolic. Each type has advan-
tages for different applications. Among them, the hyperbolic equa-
tions have the merits of good orthogonality, ease of control of clus-
tering, and efficiency in computation time. But traditionally this
method is considered as less robust and only suitable for external
flow computations.

Recently, more and more researchers use the Reynolds-averaged
Navier—Stokes equations for flow computations. For this type of
computation, the orthogonality and proper control of grid clustering
are essential requirements for grid generation. Therefore, the merits
of hyperbolic grid generation are more significant. For other types of
computations the users could also benefit from using hyperbolic grid
generation; e.g., the orthogonality at boundary can highly simplify
the specification of boundary conditions.

Many researchers have worked on this subject. Instead of an
exhaustive reference, only those that have direct relation to this
investigation are referred to here. The hyperbolic grid generation
can be traced back to McNally! and Graves.? But Steger and
Chaussee® made the first systematic analysis of this method for
two-dimensional applications configurations. Then it was extended
to three dimensions by Steger and Rizk.* Further enhancements were
made by Chan and Steger.’

In hyperbolic grid generation, any discontinuity at the initial
boundary will propagate into the grid field by the marching pro-
cess; eventually oscillations or even overlapping of grid lines may
‘result. This shortcoming can be overcome by adding artificial dissi-
pation term(s) to the discretized governing equations.*~> Since the
problem is caused by the geometric discontinuity, it is obvious thata
constant coefficient for the dissipation term is insufficient. In Ref. 5,
the spacing and intersection angle of the neighboring points were
used to adjust the dissipation coefficients. Grids for very complex
configurations were obtained, but the procedure is rather complex
and time consuming.

In the work of Tai and Yin® and Tai et al.” another approach was
proposed. By upwind differencing of the governing equations, anin-
herent adaptive dissipation term was obtained and successfully used
in generating grids for two-dimensional configurations. Recently,
Jeng et al.® adopted this concept and developed a predictor- correc-
tor scheme with additional smoothness.
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In this study, the use of inherent dissipation terms is extended
to three dimensions. Implicit and explicit schemes are developed.
A number of smoothing techniques are imposed for better smooth-
ness and robustness. The explicit scheme has been found to be less
robust.” However, while considering the future deployment of a
massive parallel processing computer, it could have much higher
efficiency than an implicit scheme,” and so it is reexamined. The
application to internal flow problems is not included in this paper;
interested readers may refer to Ref. 8.

In Sec. II, the governing equations are briefly reviewed. The
derivation of inherent adaptive dissipation terms and the discretiza-
tion for both implicit and explicit schemes shall also be introduced.
In Sec. I1I, specifications of cell volume are discussed, and in Sec. IV,
boundary conditions. Techniques for smoothing are described in
Sec. V, with the application to different configurations. Results of
the application to a wing—body configuration are shown in Sec. V1.
Finally, conclusions are made in Sec. VII.

II. Mathematic Model and Numerical Procedure
The governing equations, derived from orthogonality relations
and a finite volume constraint, were proposed by Steger and Rizk.*
The equations are repeated here for completeness:

XeXe + Yeyr +2e2, =0 (1)
XpXg + Yoy + 292, =0 2)
XeYnZy X Ye2y + XnYeZe = XgYpZy — XpYe2s — X Yo2e = AV (3)
Av =gt = |22 @
3¢, n, ¢)

where x, y, and z are the Cartesian coordinates, and &, n, and ¢ are

the transformed generalized coordinates. In this paper ¢ is chosen as

the marching direction; ¢ = 0 coincides with body surface, where

the distributions of £ = const and 1 = const are user specified.
Equations (1-3) can be cast into a compact form as

AW +BW, +CW, =f &)
where
[ " 4]
A= 0 0 0
| O —o0)  (afeh —xiet) (st —xD20) |
3 0 0 0 7]
B= x; ¥ 2
| O —of) (g —xfed) (D —xdy)) |
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where the superscript 0 denotes the known state. For finite cell vol-
ume C-! exists, and so Eq. (5) can be written as

W, +DW; +EW, =C'f (6)

where D = C~'A and E = C~'B are symmetric matrices.
To discretize Eq. (6), we first rewrite it in conservation form:

W, +F(W), +G(W), = C”'f )

LetAf =Anp=A¢=1landé =i—-1,n=j—1l,and¢ =k — 1.
By the Roe upwind scheme,'? the fluxes are

Fe = 3| @W, 11+ DW) = DI,y Wi = W)

2

—%[(Dwi_l +DW,) — D, 1 (W, — W.»-o] (8a)
Gy = [ @Woi + EW)) = 1Bl Wyt = W)

_%[EWj-l +EW)) - E|;_, (W, —"Vj—l)] (8b)

where only those indices that change are indicated, and so W; , | rep-
resents W; 4 1 jx, etc. More details of derivation were givenin Ref. 7.
In Egs. (8a) and (8b) |D| and |E| are two diagonalized matrices com-
posed of positive eigenvalues of D and E. For a symmetric matrix, all
eigenvalues are real. To find the eigenvalues we denote the matrix as

diy dyp diz ey en en
D=|dy dp dy |; E=|en en en
dy dxn dun e3 epn en

for simplicity.
Thus, three eigenvalues of D are found to be 0, £, where

A= \/—(dudzz —diadyy + ddss — diadsy + dondss — dnds)
(9a)
Similarly, the eigenvalues for E are 0, -8, where

B= \/—(6116’22 — epey + en1e33 — e13e3) + eness — endsy)

(9b)
Then |D| and |E] are expressed as
A 00 L 00
DI=R|[0 0 0|R'=]|0 2 O
0 0 A 0 0 A
000
—R| 0 A O]R“ (10a)
000
g 0 0 B 0 0
[Ejl=P|{0 0 0|P!'=]|0 B8 O
[0 0 B 0 0 8
0 00
-Pl0 g 0|P! (10b)
0 0 0

where R and P are matrices composed of eigenvecters corresponding
to 2,0, A and 8, 0, and 8, respectively. Unfortunately, the determi-
nation of R, P, and their inverse is nontrivial, and many operations

are needed. By numerical experiments, we find no significant differ-
ence in dropping the last terms in Egs. (10a) and (10b). Therefore,
[D| = AI and |E} = BI are used in this paper, where I is the identity
matrix. As noted in Ref. 7, there are three ways to calculate the
interface value of A and 8; among them, A; 11/, = +/(A;A;+) and
Bj+12 = /(B;Bj=1) are found to be most robust. Therefore, they
are used for all cases shown in this paper.

Substituting Eq. (8) and the expressions for |D| and |E| into
Eq. (7), the semidiscretized equation is

W, + %(D —ki+%1)m+l + %(;\H% +A,._%>W,-

—%(D—A,._%)W,--l +%(E—ﬂj+%I)W,-+1 + 3

x (ﬂH% + ﬁ._%)w,. - %(E— B;_ %)Wj_l =C7'f (11)
By approximate factorization, the implicit formulation is
[+ B8, — 42,(aV), |[I + Ds; — e (AV),]
X(Wepr —Wi) =C 'gi sy (12)

where g = [0,0, AV]”; 8, and §; are central difference operators
withrespect to n and &. For an arbitrary variable ¢, they are defined as

div1—Pi_1 bir1— ;1
2 ’ 2
Note that Eq. (12) is just like the one incorporated in Ref. 5, except

that it contains only the implicit dissipation terms. For an arbitrary
variable ¢, the dissipation terms are

En(AV)10; = By 1bj+1
~(Byay +Bi_y)8i+ B 11 (14a)
ge(AV)e ¢y = )\,'+.%¢i+l

5 = 8y = (13)

ol G Y R VY (14b)

Since these terms resulted from the discretization procedure rather
than being artificially added, they are called inherent dissipation
terms.

For the explicit scheme, Eq. (7) can be expressed as

W, = C"'f — F; — G, = Res(W,) "
Wiy = W, + Res(W,)

with F¢ and G,, defined in Eqs. (8a) and (8b); Res stands for residue.

III. Specification of Cell Volume

Through the specification of the cell volume distribution, the user
may control the clustering or stretching of the grid. One simple and
popular way to specify the cell volume is

AV, ji = Asi jiAA; j« (16)

where As is a user-specified marching distance and A A is the cal-
culated element surface area. For different purposes, different func-
tions can be used to specify As. In this paper, only a simple expo-
nential function is used to control the stretching in the ¢ direction.
The elemental surface area should be the area surrounding the nodal
point, as illustrated by the shaded area in Fig. 1a. However, exact
calculation of this area is too complicated and not worth the effort.
Actually, it is the area that is bounded by four adjacent points that is
calculated, and a quarter of this area contributes to each point. Obvi-
ously, this procedure cannot be applied to the boundary points. For
calculation of the areas at the boundaries, pseudopoints are added
outside the boundary (which will be discussed in the next section)
to make the calculation algorithm no different than that for the in-
ternal points. At an axis point, as shown in Fig. 1b, the cell is a
triangle formed by the adjacent points instead of a rectangle. Thus,
three-eights of the area contributes to the points next to the axis
point.
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Fig.1 Cell area for a) normal point and b) axis point.

If the initial surface grid is not equally spaced or an abrupt change
of geometry is encountered, the cell volume calculated by the pre-
ceding method will not be smoothly distributed. Weighting of the
cell volumes for a smoother distribution is suggested in Refs. 4, 5,
and 8. Weighting to the average value of neighboring cells is pro-
posed in Ref. 5, whereas the average of the whole level of cell vol-
umes is used in Ref. 8. In Ref. 4, a similar but simple reference body,
for which the grid can be generated analytically, is used for weight-
ing of the cell volume. In this study, the average value of the whole
level is used to adjust the cell volume. The weighting is defined as

AV, jx = oAV i + 31— a)(AV,,ji + AV)

AV = ———%; AV jis i=LkLim, j=1,jm (A7)

o =(1-a)*?

where AV is the weighted cell volume, AV is the area calculated by
Eq. (16), and « is a user-specified constant.

IV. Boundary Conditions

Four types of boundary conditions are incorporated for the cases
shown in this paper. For generality, pseudoboundary lines are used
for all types of boundary conditions. The grids on the initial surface
aredefinedini = 1toimand j = 1 to jm, whereim and jm are the
maximum indices for i and j. A pseudopoint at each end is added
to increase the range of i and j so thati =0Otoim 4 1and j=0to
jm+1. These are used to march the grid to the new level in the ¢
direction fori =1toim and j =1 to jm. Then new pseudopoints are
calculated for next marching step. Four different ways to calculate
these pseudopoints are described next and illustrated in Fig. 2.

Periodic

For a closed surface, use of a periodic boundary condition in
one direction would be the simplest way. If the periodic condition
is applied in the n direction, W _ j,, ;1 is set equal to W;_ and
Wi—0=W;_jn;also Bjn11 = B and y = B;n. A periodic block
tridiagonal solver is used for the implicit scheme.

Constant Cartesian Plane

If the grid is restricted to x = const in & direction at i = 1, xg
is extrapolated as xo = 2x; — X2, Yo, and 2 are set equal to y; and
z1; Ao is set equal to A1. For the implicit scheme, the implementation
is the same as that proposed in Ref. 5. For the explicit scheme, no
further treatment is needed. The same method can be applied to both
ends of & and 7 directions for x = const or y = const.

Symmetry Plane

Reflection relation is used for a plane of symmetry about x = 0,
y = 0, 0r z = 0 plane. For example, in the  direction, if j = 1isthe
symmetry plane at z = 0, then zy = —~z2, X0 = X2, and yg = y; fo
is set equal to f,.

a)

Fig. 2 Illustration of psuedopoints for a) periodic, b) constant plane,
¢) symmetry, and d) axis boundary conditions.

Axis

The axis condition may be the most difficult boundary condition
for hyperbolic grid generation. At the axis point, a whole line coin-
cides into one point; this makes the determinant of C equal zero, and
the governing equations are no longer well posed. For this reason,
the axis points cannot be included in a normal calculation procedure
and must be treated as pseudoboundary points. At the initial surface,
these points must be userspecified. For other level of grids, these
points are determined by a mixing type extrapolation, as proposed
in Ref. 5. The extrapolation can be represented as

o = + (b — ¢2) (18)

where the subscript O represents axis point and « is an extrapolation
factor. In general, a value of 1 is used; however, it can be adjusted
between O to 1. This is shown in the next section. For the implicit
scheme, AW is extrapolated. For the explicit scheme, Res is extrap-
olated. The new axis points are determined from the extrapolated
values of AW or Res. These points may not coincide on the axis,
especially for a nonaxisymmetric configuration. The marching dis-
tances of these points are averaged and then are used to relocate
these points on the axis.

V. Smoothing

In Ref. 5, spatially variable dissipation coefficients were intro-
duced and very good smoothing properties were achieved. Although
effective, they are rather complicated. These coefficients are com-
posed of matrices norms, distribution functions, angle functions,
scaling function, and a user-specified constant. On the contrary, the
dissipation coefficients proposed in this paper, as defined in Egs. (9a)
and (9b), are much simpler to implement and require little compu-
tational effort.

For a simple configuration without sharp convex or concave cor-
ners, the inherent dissipation terms are sufficient for the implicit
scheme to generate a grid with satisfaction. But for the explicit
scheme, since the spread of information is slower, a Laplacian-type
residue smoothing must be incorporated and implemented in the i
and j directions separately. For an arbitrary variable ¢ the smooth-
ing operator can be written as

¢ =[1+a(av)lep (19)

where ~ identifies the new value after smoothing; (AV) is the
Laplace operator [e.g., (AV)g¢ = ¢; 11 — 2¢; + ¢; _1]; and « is
a user-specified coefficient. This coefficient should not be larger
than 0.25; throughout this paper a value of 0.2 is used. When ¢ is
replaced by Res, defined in Eq. (15), it is called residue smoothing.
For all cases shown later, residue smoothing is incorporated into the
explicit scheme. The smoothing operator can also be cast into anim-
plicit form and better robustness can be achieved, but this extension
is not considered in this study.

An ellipsoid with aspect ratio of (16:1:0.5; x:y:z) is used as an
example. For both the explicit and implicit schemes, similar results
(as shown in Fig. 3) are obtained without any further treatment. In
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a) 7 by 7%

Fig. 4 Illustration of grid near the a) convex corner and b) concave
corner.

this case, an axis boundary condition is imposed on both ends of the
axial direction and periodic boundary condition for the circumfer-
ential direction. Although the configuration is nonaxisymmetric, the
axis boundary condition described in the preceding section caused
no problems.

For more complicated configurations, further treatments are nec-
essary. Since the orthogonal constraint is imposed in the governing
equations, the grid lines at a convex corner will point outward as
shown in Fig. 4a. As the grid marches further, the grid lines near
the convex corner separate wider apart; and consequently oscilla-
tion occurs, whereas the grid lines at a concave corner will cluster
into the corner as shown in Fig. 4b. Depending on the degree of the
corner and the marching step size, the neighboring grid lines may
cross over to each other after several marching steps. One simple
solution is to apply an Laplacian operator to the coordinates vector
W, after each new level of grid is obtained. Although Eq. (19) canbe
used for this purpose, a small modification is introduced for better
smoothness. Thus, the discrete formulation can be represented as

Wi=(1~W +a(r*W +r W,_) /" +r)  (20)

where r* is the distance between W; and W; ¢, r~ is the distance
between W; and W; _ |, and « is again a user-specified coefficient
and should be within 0~0.5. In the following cases 0.4 is used as the
upper bound. Equation (20) is also applied in the j direction. The
idea of Eq. (20) is to have the grid points more uniformly distributed
to prevent the neighboring points getting too far away or too close
together.

Just like the dissipation coefficients, the smoothing coefficient
is also geometry dependent. At the convex corner, the coefficient
should become larger as the grid marches further away from the
body surface. But, on the contrary, a larger value is needed near the
body surface for a concave corner, and so the value of & must be
evaluated according to the variation of the geometries.

First consider the case with only the convex corner. The smooth-
ing coefficient should be started from 0O at the body surface and then
increased smoothly as the grid marches away. Once the upper bound
value is reached, the upper bound value should be used thereafter.

Fig. 5 Grid around a projectile for a) without smoothing and b) with
smoothing, by implicit scheme.
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Fig. 6 Grid around a projectile by explicit scheme with extrapolation
factor 1.

Fig.7 Grid around a projectile by explicit scheme with extrapolation
factor 0.25.

For the external flow problems, a nondecreasing function can be used
to control the coefficient. In this study, a linear function is used:

=ank —2)/k; 2N

where o is the upper bound of «; a value of 0.4 is used for the fol-
lowing cases; and &, can be specified, in general, as the maximum
value of the k£ index. However, for some applications, if only a few
levels of grid are needed, k, should be otherwise specified (e.g., set
for 45 > k, > 25). The effect of this smoothing technique can be
observed in Fig. 5. Figure 5a is obtained without this smoothing.
With the smoothing technique incorporated, Fig. 5b shows that the
distribution of the grid cells near the trailing edge and the nose are
much smoother than that of the ones in Fig. 5a.

Also notice in Fig. 5 that the same axis boundary condition is
imposed at both ends of the projectile. Though it is a very sharp
convex corner at the nose while a flat plate at the bottom, the same
axis condition is applied without any adjustment.

Figures 5a and 5b are obtained by the implicit scheme, and Fig. 6
is calculated by the explicit scheme with the same smoothing tech-
nique. One may notice that sharp convex corners are formed at the
axis points. If this is not desired, it can be simply cured by changing
the extrapolation factor defined in Eq. (18). Figure 7 is obtained



TAI CHIANG, AND SU 1805

b)

Fig. 8 Enlarged views of projectile grid in a) nose and b) tail regions.
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Fig. 9 Grid around a square obstacle by a) implicit scheme and b)
explicit scheme.

with a factor of 0.25. Also by the explicit scheme, Figs. 8a and
8b show the blowup views of two sharp corners; smoothness and
orthogonality are well maintained near these corners.

Then consider the case of the concave corner. Now the problem
is that the neighboring points at the corner will come closer to each
other. The ratio of the grid spacing ar = (r;", | +r,, )/ (rff +r;)is
used as an indicator. When ar is smaller than 1, the grid is regarded
as clustering, and a value of (1 — ar) is added to the smoothing

b) : ——

Fig. 10 Enlarged views of Fig. 9 for a) convex corner and b) concave
corner.
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Fig. 11 Grid around a wing-body configuration.

coefficient calculated from Eq. (21), but the sum should be restricted
to the same upper bound.

The smoothing procedure can be applied iteratively to the same
level of grid. Numerical experiment shows that more iterations with
a smaller value of &y will be better than fewer iterations with larger
value of o, and the iteration times can also be increased with respect
to the £ index.

When severe convex and concave corners are present together,
as shown in the next case, the smoothing coefficient needs to be
further tuned. For a sharp convex corner, the smoothing coefficient
is multiplied by (k —2)/ k,. The external angles of every point on the
initial surface are calculated by the method described in Ref. 5. The
points with angles greater or equal to 270 deg are marked as convex
points. For a new level of grid, only the angles of these marked points
are recalculated; if the new angle is less than 240 deg, the point is
reset to normal. Because of the smoothing property, the convex
corner will be flattened as the grid marches outward. Therefore,
after several marching steps, there should be no convex point. The
increase of CPU time required by this procedure is rather limited
because only a few points need be checked.
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Fig. 12 Grid at rear section of wing—body configuration.
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Fig. 13 Enlarged views of Fig. 12 for the a) wing tip and b) root of
vertical tail regions.

Figure 9 illustrates the grids for a 90-deg step obtained by both the
explicit and implicit schemes. Although the smoothing coefficients
are kept the same for both schemes, the grid obtained by the implicit
scheme is smoother than the one obtained by the explicit scheme.
Constant Cartesian plane boundary conditions are imposed for both
the £ and # directions in this case. As shown in Fig. 9, the straight
plane is maintained at both ends; this makes combining with other
grid systems much easier. Figures 10a and 10b show the detail near
convex and concave corners.

VI. Results and Application

A wing-body configuration with numerous concave and convex
corners is used to test the robustness of the present method. The

result shown in Fig. 11 is obtained by the implicit scheme. An axis
boundary condition is applied at the nose, and a constant plane
condition is imposed at the end of the body. A symmetry boundary
condition is used at the symmetry plane. Shown in Fig. 12 is a
plane at the rear section; blowup views for the wing tip and the
root of the vertical tail regions are shown in Figs. 13a and 13b.
Special treatment for these corners is not needed. All techniques
described are applied in a global way. There is no need to change
the procedure by detecting the local grid property or by prescription.
This can highly reduce the efforts of coding and required user input.

With the success of the implicit scheme, unfortunately, the explicit
scheme failed in generating a grid for such a configuration. The
explicit scheme is still less robust than the implicit scheme and the
smoothing property is not as good as the one by the implicit scheme.
However, while considering which scheme is better, computation
efficiency also needs to be taken into account. For the case shown in
Fig. 7, calculation of total (95 x 30 x 35) points takes 0.71 s of CPU
time for the explicit scheme vs 7.7 s for the implicit one, on an HP
755 workstation. The difference is too significant to be ignored, not
to mention that, considering the development of massive parallel
computer, only the explicit scheme can take full advantage of this
type computer.

VII. Conclusion

Methods of three-dimensional hyperbolic grid generation with
inherent dissipation terms are developed in this paper for both the
explicit and implicit schemes. Capabilities of both schemes have
been demonstrated by applying them to different configurations.
The explicit scheme, though less robust, is approximately an order
of magnitude faster than the implicit scheme. For the flow solver
incorporating a dynamic adaptive grid, this time difference will be
more significant.

As demonstrated by the wing—body configuration, the method
for the implicit scheme introduced in this paper has been proven to
be very robust. The smoothing techniques developed in this paper
provide good smoothing properties while reducing the complexity
of the grid generation code.
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